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Abstract. This is the second part of a series of 3 papers. Using the same method 
and the same coordinates as in part 1, rotating dust solutions of Einstein's equations are 
investigated that possess 3-dimensional symmetry groups, under the assumption that only 
one of the Killing fields is spanned on the fields of velocity u" and rotation w'^, while 
the other two define vectors that are linearly independent of and w°' at every point 
of the spacetime region under consideration. The Killing fields are found and the Killing 
equations solved for the components of the metric tensor in every case that arises. The 
Einstein equations are simplified in a few cases, three (most probably) new solutions are 
found, and several classes of solutions known earlier are identified in the present scheme. 
They include those by Ozsvath, Maitra, Ellis, King and Vishveshwara and Winicour. 

I. Summary of the method. 

This is a concise summary of results that will be used in this paper. For proofs, 
motivations and references see Paper 1 [1]. 

Every timelike vector field of unit length that has zero acceleration and nonzero 
rotation defines the functions T{x),r){x) and ^{x) such that: 

Ua = T,a+'n^ia ■ (1-1) 

These functions are defined up to the transformations: 

T = T'-S{^',r,'), ^ = F{^',n'), v = G{e,v'), (1.2) 
where the functions F and G obey: 

F,^i G,rji -F,jji G,^i = 1, (1.3) 
(this guarantees that the Jacobian of the transformation is 1), and S is determined by: 

S,^, = GF,^, -7?', S,^, = GF,^, . (1.4) 
If is the velocity field of a fluid whose number of particles is conserved: 



(A/^nn"),a = 0, 



(1.5) 



(where g is the determinant of the metric tensor and n is the particle number density), 
then one more function (^(x) exists such that: 



a a/375/ 



-gnu" =£-^' ^,(3r],jC,S, 
and it is determined up to the transformations: 



(1.6) 
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c = c + n^',v')- (1-7) 

Note that n is not defined uniquely by (1.5). For example, if n" = (5"o and n obeys 
(1.5), then n' = nf{x,y,z) (where / is an arbitrary function) will also obey (1.5). This 
nonuniqueness allows for a greater freedom in the choice of ( than (1.7), and the freedom 
will be used in some cases. 

The following relations hold: 

n"T,c = 1, u^C,p = u^ri,f) = n^C,/3 = 0. 
9(r,7?,e,C) 



The last of (1.8) guarantees that {t, ^,r/, C} can be chosen as coordinates, they will be 
called Plebahski coordinates. Then, with {r, ^, 77, = {x^ , x^ , x^ , x^} = {t,x,y,z}: 

Ua = (5°o, Ua = S°a + V^^a, 

900 = 1, 501 = y, 902 = 903 = 0, g = det{ga/3) = 

= nd^, u^p = -up^ = {l/2)6\S^p, (1.9) 

where id" is the rotation vector field, and ujap is the rotation tensor corresponding to the 
velocity field Ua- 

-^a/? = ^(^a,/3 - Ul3,a - UaUf3 + UfiUa), w"' = -{1/ ^/^)£''^^^ UjjUJ^S- (1-10) 

If 00 af} 7^ and = (what is assumed throughout), then necessarily the pressure p = 
const and np may be interpreted as the cosmological constant (k := SttG/c^). 

If any Killing vector field exists on a manifold (on which all the assumptions specified 
so far are fulfilled), then, in the coordinates of (1.9), it must be of the form: 

k- = (C + <f>- ycl>,y )5°o + ct>,y <5"i - '^"2 + A,5"3, (1-11) 

where C is an arbitrary constant and (j){x,y) and X{x,y) are arbitrary functions of two 
coordinates. Whenever (f)^^ 7^ 0) a transformation of the class (1.2) - (1.4) can be found 
that leads to: 

A;" = (5"i. (1.12) 

The metric then becomes independent of x, and the coordinates preserving (1.12) are 
determined up to the transformations: 

t' = t- J yH,ydy + A, x' = x + H{y), y' = y, z' = z + T{y), (1.13) 
where A is an arbitrary constant and H, T are arbitrary functions. 
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The condition (/> „ 7^ that ahows one to fulfil (1.12) means that the Killing vector k°' 
is linearly independent of the vectors it" and at every point of the spacetime region 
under consideration. In Paper 1, solutions of the Killing equations and of the Einstein 
equations were considered under the assumption that there exist three Killing vector fields 
on the manifold, two of which have (j) = const in (1.11), while the third one has cp^a 7^ 
and can be transformed to the form (1.12). In the present paper it is assumed that only 
one Killing field has 4> = const (it will be A;(3), see below), and two have 4>^a / 0- Only one 
of the two can then be transformed to the form (1.12) (it will be A;(i)), the other one (A;(2)) 
will preserve its general form (1.11). 

In the whole paper, whenever reference is made to the Einstein tensor, the components 
quoted are projections of the coordinate components Gap onto the orthonormal tetrad Cj", 
i.e. Gij = In every case it will be self-evident how the tetrad is defined. 

II. The Lie algebra of the symmetry group. 

According to the assumptions made in the preceding section, there exist the following 
three Killing vector fields: 

= {C2 + <f>- )<5? + 0,^ 5? - 0,. + A2(x, y)5^, 

^fs) =C3<^o +A3(x,y)<5f, (2.1) 

where C2 and C3 axe arbitrary constants, and ^, A2 and A3 are unknown functions of (x, y), 
to be determined from the commutation relations. The coordinates of (2.1) are determined 
up to (1.13). 

The fields k{2) and fc(3) will form a Lie algebra if constants a, . . . ,j exist such that: 

[^(1), ^(2)] = a^(i) + ^'^(2) + cA;(3), 
[^(i)> %)] = dk(^i) + eA;(2) + /fc(3), 

[^(2) , fc(3) ] = 5^(1) + hk(^2) + jk(3) , (2.2) 
Eqs. (2.2) are equivalent to the following set: 

(t),x -y<t>,xy = b{C2 + <t>- y(t>,y ) + CC3, (2.3a) 
4>,xy = a + b^,y , (2.36) 
(l>,xx = H,x , (2.3c) 

A2,a: = bX2 + 0X3, (2.3d) 

e(C2 + <P- y<P,y ) + fC3 = 0, (2.3e) 

d + e0,j, = O, (2.3/) 

e^,x = 0, (2.3ff) 

A3,:r = eA2 + /A3, (2.3/i) 

h{C2 + cp-ycl),y)+jC3 = 0, (2.3i) 

g + h(t),y=0, (2.3i) 
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h4>,^ = 0, (2.3A;) 

(l>,y >^3,x - (t>^x ^3,y = hX2 + J A3. (2.3Z) 

A few of these equations imply alternatives that will have to be considered separately. The 

alternatives will be organized into a binary tree and numbered in a positional system that 

will enable one to quickly identify complementary cases (see Fig.l). Of the two alternatives 
implied by (2.3g) we choose for the beginning the following. 

Case 1: / 0. 

This implies, from eqs. (g), (k), (f) and (j) in (2.3): 

e = h = d = g = 0. (2.4) 
Eqs. (2.3a-d) survive unchanged, while the remaining ones simplify to: 

/C3 = 0, (2.5e) 

A3,x = /A3, (2.5/t) 

jCs = 0, (2.5z) 

(l>,y >^3,x - (t},x A3,2/ = iA3, (2.5Z) 

other equations being fulfilled identically. Now we choose the following. 

Case 1.1: C3 / 0, 
which implies, from (2.5): 

f = j = 0, (2.6) 

A3 = A3(2/), (2.7/1) 

(t>,x A3,j/ = 0. (2.7Z) 

With (2.4) and (2.6), the second and third commutator in (2.2) are zero. Since in Case 1 
(l),x 7^ by assumption, eqs. (2.7h) and (2.71) imply: 

A3 = const. (2.8) 

The solution of (2.3.d) depends on whether 6 = or 6 7^ 0, so we follow now: 

Case 1.1.1: b ^ 0. 
Then, from (2.3d): 

A2 = /?(2/)e^^ - CA3/6, (2.9) 

and from (2.3a-c): 

ct> = a(2/)e^^ - (a/6)y - C2 - (c/6)C3, (2.10) 

where a{y) and P{y) are arbitrary functions. The assumption (p,x 7^ implies a 7^ 0. The 
basis of the Killing vector fields can be changed to = ^(2) + {'^l^)^{3) + (^/^)^(i) 

and />;(3) . In the new basis: 
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A;[° = e''"^[(a - ya,y + a,y 6f - ba6^ + ] (2.11) 

(i.e. by taking k'^^-^ instead of /c(2)) c = was achieved). The transformation (1.13) with 
H = (1/6) In a, T = (1/6) J{P/a)dy will now have the same effect as if /? = 0, a = 1. 
Finally, then, the following basis of the Killing vector fields resulted: 

kii) = Sf, k^2) = e'"(^o - bS^), k^3) = Cs5§ + ^s^^, (2-12) 

but from now on the transformations (1-13) are allowed only with H and T being constants. 
The commutation relations are: 

[^(i)>^(3)] = [k{2),k(3)] = 0, [k(i),k(^2)] = bk(2), (2.13) 

and they correspond to Bianchi type III. In virtue of the commutator [A;(i), A;(3)] being zero, 
coordinates can be adapted to k^x) ^■nd fc(3) simultaneously so that = (5f', fe^g-) = 5q' . 
The transformation is: 

{t',x',y') = {t,x,y), z' = -X3t + C3z; (2.14) 

it is nonsingular because Case 1.1 was defined by C3 7^ 0, but it leads out of the Plebahski 
class of coordinates used so far. In the new coordinates (primes dropped), the metric is 
independent of x and t, and: 

kf,)=e'-{d^-b6^-\36f), 

500 = 1 + A3^533, goi = y + Aac/is, 

502 = A3C/23, 503 = A3533. (2.15) 

Now the Killing equations involving k(^2) have to be solved for the components of the metric 
tensor. For this purpose, two cases have to be considered separately: A3 7^ and A3 = 0. 

Case 1.1.1.1: A3 ^ 0. 

It is convenient to change the coordinates yet again to: 

{t',x') = {t,x), Y = X3y + bz, Z = Xsy-bz. (2.16) 
The vector fields u", u)" and fc^-j become (primes dropped): 

kfi) = S?, A:f3) = -^o", fcf2) = ^'""{SS - ^bXsS^), (2-17) 

and the metric tensor, after the transformation (2.16) and after solving the Killing equations 
becomes (primes dropped again): 

500 = 1 + {MVf{922 + 533 - 2523), 
501 = -^{Y + Z) - \b^XiY{g22 - 533) + ^2,h\z, 
502 = hX3{g22 - 523), 503 = bX'i{g2'i - 533), 
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511 = i^f + ^YZ + (i bY)\g22 + 533 + 2ff23) - Y^huY + /in, 

512 = ^5^(522 + 523) + ^^12 + ^^13, 

513 = bY{g23 + 933) + ^hi2 - ^/ii3, (2.18) 

where /iii(Z), hi2{Z), hi^^Z), g22{Z), g2-i{Z) and gssiZ) are functions to be determined 
from the Einstein equations. 

No progress was made with the Einstein equations in full generality in this case. 
Progress may be possible with additional simplifying assumptions (e.g. orthogonality re- 
lations among the Killing fields). 

No solutions belonging to this case have been identified in the existing literature. 

III. Case 1.1.1.2: A3 = 0. 

We go back to (2.15). With A3 = 0, the coordinates of (2.15) are still in the Plebahski 
class (the factor C3 in w'^ is allowable because n is not defined uniquely by (1.5), see 
comment after (1.7)). The formulae (2.15) still apply, with A3 = 0, and the Killing equations 
involving /c(2) are solved by: 

511 = + {byfg22{z) - 2hyhi2{z) + /iii(z), 

512 = -hyg22 + hi2, 513 = -byg23{z) + his{z), (3.1) 

the hij{z), (722 (-2), 523 (-2) and 533 (;z) being arbitrary functions. The following inequalities 
hold: 

533 < 0, 522 < 0, 533 - 523^/522 := < (3.2) 

for the following reasons, respectively: (i) the rotation field must be spacelike everywhere, 
(ii) and (iii) the determinant of the metric 5 < or else the metric has an unphysical 
signature. In virtue of (3.2) one can define the functions Kn, K22, K^:^ and H12, Hi^, H23 
by: 

-f^ll^ = hi2^/g22 + {his - /ll2523/522)^//i33 " ^11, 
-^"22^ = —522, -^33^ = —^33, 

-f^l2 = /112/522, -f^23 = 523/522, 

^^13 = his/hss - /ii2523/ (522/133), (3.3) 

the appropriate sign of Ku^ being guaranteed by the signature (H ) assumed through- 
out!^. With these definitions, the metric form (2.15) - (3.1) may be written as: 

ds^ = {dt + ydxf - {Kudxf - {K22[{-by + Hi2)dx + dy + H2zdz\Y 

-[Ks3{Hr3dx + dz)f. (3.4) 

^Definitions analogous to (3.3) will be introduced in several other cases in this paper. In each case, the 
appropriate inequalities are fulfilled for the same reasons. 
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Eq. (3.4) defines the orthonormal tetrad used in this section, and the tetrad is comoving, 
i.e. the velocity field coincides with the tetrad vector #0: Ua = e^a- Without loss of 
generality it may be assumed that: 

K33 = 1, (3.5) 

because this result is achieved by the coordinate transformation z' = f K^^dz and redefini- 
tions of H\3 and -ff23- The transformation leads to a rescaling of u;" in (2.15), but, taking 
into account the nonuniqueness of the definition of n through (1.5), the new coordinates 
are effectively still in the Plebahski class. 

The Einstein equation Gqi = is now integrated with the result: 

^23 = ^23^^11 /i^22, (3.6) 

{A and B with indices will denote arbitrary constants). Eq. (3.6) substituted into G03 = 
implies hA23/ {2K11K22) = 0, and since this is within the case 1.1.1 defined by 6 / 0, the 
result is: 



Now Gq2 = implies: 



and G12 = implies: 



^23 = = H23. (3.7) 
= Ar3KnK22, (3.8) 



Hi2,z = Bi2Ku/K22^. (3.9) 
Using (3.7) - (3.9) in G23 = one obtains 6Bi2/(i^ii-?^22^) = 0, and so: 

B12 = 0, H12 = const. (3.10) 
The coordinate transformation t = t' — Hi2x/b, y = y' + Hi2/^ has the same effect as if: 

H12 = 0, (3.11) 

which will be assumed from now on|^. In further analysis two subcases have to be considered 
separately: 

Case 1.1.1.2.1: A13 / 0. 

It is convenient to go over to the standard Bianchi-type coordinates in which (733 = — 1 
while 5o3 = 5i3 = 523 = 0. The following transformations do it: in the first step we 
transform: 

t = T-F{z)Y, x = X + [\n{bF)]/h, y = bYF, (3.12) 
where F{z) is determined by: 

F„ /F = -bAriK22/[Ku{l + ^i3'i^22')] (3.13) 



•^The transformation preserves fc^jj , fc^gj , u'^ , and transforms into fcj"^ = 5f + (_ffi2/&)fc°3), i.e. in 
the Killing fields H12 — can be achieved by a change of basis in the Lie algebra. 
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(the right-hand side is finite and nonzero because of assumptions made earlier). This leads 
to goa = 0. Then we transform z = H(Z), where: 

^ = (l+Ai3^if22')V2 (3.14) 

and thereby achieve 533 = — 1. Denoting: 

J IT 

Lii = Ku-^, L22= bFK22, (3.15) 
we obtain the following metric form: 



ds^ = [dT + F{Z){bYdX - dY)]"^ - [Lu{Z)dXf - [L22{Z){-bY dX + dY)\^ - dZ'^ , (3.16) 

the coordinates no longer being in the Plebahski class. 
The Einstein equation G02 = implies: 

F,z= AL22lL^u (3.17) 

where A is an arbitrary constant. Eq. (3.17) can be integrated if the new variable z' is 
introduced by: 

z',z = L22/Lu; (3.18) 

then: 

F{z') =Az' + B, B = const. (3.19) 
With z' in place of Z, the equation G13 = is solved by: 

Ln = CL22 exp[-l j {AF/L22^)dz']. (3.20) 

The only tetrad components of the Einstein tensor that arc still nonzero are the diagonal 
ones. It may be verified that Gn — G22 = in virtue of (3.17) - (3.20), while G\\ — G33 = 
follows by differentiation of G33 = A in virtue of (3.20). Hence, the latter is the last 
equation to solve, and it is: 



{L22L22,z'f - \ AFL22L22,z' + {b^ + A''/A)L22^ - ^{bFf = A(LnL22)'. (3.21) 

Eq. (3.21) is an integro-differential equation. Substituting for Ln from (3.20) and differ- 
entiating by z', it can be changed into an ordinary second-order diferential equation that 
determines L22{z'). and then Ln can be (in principle) calculated from (3.20). No further 
progress in solving the Einstein equations was achieved in the general case. 

The coordinates of (3.16) are still comoving, while the rotation vector field is: 

= Lir2(-^5f - bAY5^ + bF5^). (3.22) 

The case A = that is seen to be simpler is equivalent (via (3.17) and (3.13)) to ^13 = 
or 6 = 0, and these were set aside for separate consideration. The matter density is: 
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KE = -3A + [bF/{LnL22)f + {A/Lnf. (3.23) 
When A = 0, an elementary solution exists. Eq. (3.21) has then the integral: 

L22' = \[F^- + 46')(^' + D)% (3.24) 
where D is an arbitrary constant, and Ln is found from (3.20) to be: 

Lu = CW^^W^\ (3.25) 



where: 



«i,2 = ^P' +462)1/2 ±^]2^ (3,26) 
and Wi, W2 are the two factors of (3.24): 

Wi,2 = ^[FTiA^ + ib^/^iz' + D)]. (3.27) 

A (modestly thorough) search through the literature by this author^ has not turned 
up any rotating dust Bianchi type III solution with the same configuration of the Killing, 
velocity and rotation vector fields as here. Hence, (3.16) - (3.27) is tentatively proposed as 
a new solution. 

Case 1.1.1.2.2: A13 = 0. 

The invariant meaning of ^13 = is that the Killing field A;^^ is everywhere orthogonal 
to the rotation field. We go back to (3.11). The equation G13 = (in the coordinates of 
(3.4) with later simplifications) implies: 

K22=A22Kn. (3.28) 
The equation G22 + G33 = 2 A is integrated with the result: 

{KuKu,z f = AKii^ - bKn^ + C, (3.29) 
where C is an arbitrary constant. Using this result in G22 = A we obtain: 

C=1/{AA^). (3.30) 

The case Kn^^ = leads to the Godel solution [2]. When i^ii,^ 7^ 0, the coordinate 
transformation: 

Ku{z) = Z (3.31) 

leads to the following solution: 

ds^ = {dt + ydxf - {Zdxf - [AZ{-bydx + dy)f - [AZ^ - b^ + l/{2AZf]-^dZ\ (3.32) 

The matter-density is: 

■^The method used in the search will be disclosed in Paper 3. 
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Ke = -3A + 1/(^2 Z^). (3.33) 

With such a simple solution as (3.32) it is rather improbable that it could be still unknown. 
Nevertheless, the remark made after eq. (3.27) applies also here. 

The subcase A = of (3.32) is a coordinate transform of the subcase A = oi (3.16) - 
(3.27). 

IV. Case 1.1.2: 6 = 0. 

We go back to (2.8). Prom eqs. (2.3) - (2.8) we have: 

4>= axy + CC3X + a{y), X2 = cX^x + (3{y), (4.1) 

where a and f3 are unknown functions and the other symbols are constants. Applying 
to the resulting Killing vector fields the change of basis fc^g) = ^(2) ~ (C2/C'3)^(3) and the 
coordinate transformation (1.13) with H = a/{ay + cCs), T,y = {(5 — cX^H) / {ay + cC^) (the 
denominators are nonzero because of the assumption (f),^ 7^ defining case 1), we obtain 
the result: 

A;^2) = cC3X(5^ + ax5^ - {ay + cCi)5^ + cX^xS^, (4.2) 
the other Killing fields being as in (2.1). The commutation relations are: 

[k{\),k{2)] = akf^i) +cA;(3), [%),%)] = = [A;(2), A;(3)]. (4.3) 

The Bianchi type of this algebra is III when o 7^ and II when a = 0^c{a = c = Ois 
excluded by the assumption (j),x 7^ made in case 1). 

In order to adapt the coordinates to fe^i) and ^(3), the following coordinate transforma- 
tion is now carried out: 



{t', x', y') = {t, X, y), z' = -X^t + C3Z, (4.4) 
after which (primes dropped): 

n° = <5^ - A3(5^, kf2)=cx6^ + axd{' -{ay + c)6^, (4.5) 

but for solving the Killing equations, the cases a 7^ and a = have to be considered 
separately. We first consider: 

Case 1.1.2.1: a ^ 0. 

Then the Killing equations imply: 

500 = 1 + -^3^533, goi = y + ^3513, 502 = ^3923, 503 = ^3^33, 

911 = y - (-) + ( ) 533 {ay + c)ni3 + [ay + c) hn, 

a a a a 

912 = 7-~~^~^^23 + hi2, 913 = -—933 + {ay + c)hi3, 

a{ay + c) a 

922 = h22/{ay + cf, 923 = h23 / {ay + c) , (4.6) 

where 533(2) and all hij{z) are arbitrary functions. In order to introduce an orthonormal 
tetrad, the following new functions are defined: 
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K33 = —933, H22 — /l22 — ^23 7533) -f^22 = —H22, 

H12 = {hi2 — hi3h23 / 933) / H22, 
= l/a^ + ^laV^aa + i^i2'^^22 - hu, 
Hi3 = ^13/533, -f^23 = ^23/533- (4.7) 
After the coordinate transformation: 

t = T + cx/a, y = {e"^ -c)/a, {x , z') = {x, z) (4.8) 
the metric form becomes: 

ds'^ = {dT + a-^e^^dxf - {Kue"-^dxf - [K22{e"'^ Hi2dx + dY)f 

-[KssiXsdT + Hise^'^dx + H23dY + dz)f , (4.9) 
and the Killing fields become: 

No progress was made with the Einstein equations for (4.9). However, a large subset 
of solutions by Ellis [3] is contained here when = A3 = = H23 = H12 (the first 
condition means that the velocity field is a Killing field, the next two conditions mean that 
the Killing fields kf^-^-^ and ^^2) ^'^^ orthogonal to rotation; the invariant interpretation of 
the last condition is unknown). It is the case lb of Ellis, but not in full generality. Eliis' 
function when expressed as a function of Ellis' y{x^), obeys: 

2C^{t^),yy+K = 0, (4.11) 

where c and K are constants (it is Ellis' eq. (4.20), appropriately transformed). The t'^ 
implied by (4.11) is a polynomial of second degree. Only when the discriminant A of the 
polynomial is zero will Ellis' case lb be a subcase of (4.9). The reason for this is that with 
A ^ the Ellis case lb has a four-dimensional symmetry group acting multiply transitively 
on 3-dimensional orbits, and the group has no 3-dimensional subgroups. Only with A = 
a 3-dimensional subgroup exists. 

Case 1.1.2.2 : a = 

As stated before, the Bianchi type is now II. We go back to (4.5). With a = 7^ c, it 
can be assumed that c = 1 with no loss of generality. The velocity field and the Killing 
fields are: 

u- = S^-Xsd^, kf,) = d?, k'(2)=x5^-5^, k^3)=^o, (4.12) 
and the Killing equations imply: 

500 = 1 + ^3^533, 501 = y + ^3513, 502=^3523, 503 = ^3^33, 

511 = (1 + Xz 933)y^ + 2A32//113 + ^11, 

512 = A3y523 + ^12, 513 = A3y533 + ^13, (4.13) 
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where 522(^)5 523(2^)) dssi^) ^^nd the h.ij{z) are arbitrary functions. The new functions Kj^^ 
and Hij are defined by (4.7) with a co and /123 = 523- The metric is then: 

ds^ = {dt + ydxf - {Kudxf - {Hudx + K22dyf 

-{KsalXsdt + (Agy + Hn)dx + H2zdy + dz]^. (4.14) 

Again, no progress with the Einstein equations was made at this level of generality. How- 
ever, further progress was possible when: 

A3 = 0, (4.15) 

which means, from (4.12), that the velocity field itself becomes a Killing field. Then, by a 
transformation of z and a few redefinitions: 

i^33 = 1 (4.16) 

can be achieved, and this will be assumed from now on. Some of the subcases implied 
by the Einstein equations turn out to be empty, so they will be mentioned only briefly. 
The first alternative is i?23 being zero or nonzero. However, in both cases the Einstein 
equations together with coordinate transformations lead to the conclusion: 

i?i3 = (4.17) 

(which means gapk'^i^w^ = 0). Then the equation Goi = is integrated with the result 
-f^23 = ^23^11^22 (the Aij being arbitrary constants). Further integration of the Einstein 
equations must proceed separately for ^423 7^ and for A23 = 0. However, the case A23 / 
leads to a plain contradiction, and so the only case to consider is: 

H23 = = A23 (4.18) 
(which means ^q/j/c^^u;^ = 0). The equation G12 = is then integrated with the result: 

Hl2,z = H^2K22,z/K22 + A^2Kn/K22^. (4.19) 

From Gil — G22 we have: 

{KuK22,z - K22Kii,z),z - Ai2''Kil/K22^ = 0. (4.20) 

With the new variable u{z) defined by: 

u,, = Kn/K22\ (4.21) 
eq. (4.20) can be integrated with the result: 

(i^ii/i^22)^ = -iAi2uf -2BU + C := W{u), (4.22) 

where B and C are arbitrary constants. With the help of (4.22), Kn is elliminated from 
the Einstein equations, and then G33 = A remains as the only independent equation in the 
set. It may be written as: 

'iWK22,u/K22 = Ai2^u + B±{B^ + CAi2^ + 1 + 4.KWK22'^f''^. (4.23) 
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When A = 0, this has simple elementary solutions, but several cases require separate 
treatment {A12 7^ with (B^ + C^i2^) being positive, zero or negative, A12 = B), so 
(4.23) will be left as the most compact notation. This is again tentatively proposed as a 
new solution (the metric is defined by (4.14) - (4.19), (4.22) and (4.23)). 

When A12 = 0, these equations define a coordinate transform of Ellis' case Aii [3]. 
Then H12 = B12K22 from (4.19) and B12 = results by a coordinate transformation. The 
invariant meaning of the condition A12 = is not known to this author. With such an 
interpretation at hand, a new invariant definition of the Ellis case Aii would result. 

V. Case 1.2: C3 = 0. 

We go back to eqs. (2.3) - (2.4) - (2.5), and immediately have to consider separately 
the cases 6 7^ and 6 = 0. We take first: 

Case 1.2.1: 6/0. 
Equations (2.3a-c) then imply: 

<t> = a{y)e^'' -ay/b-C2, (5.1) 

where a is an arbitrary function, a 7^ because of the assumption (f),^ 7^ 0. Eq. (2.5h) 
implies: 

A3 = ^l{y)ef\ (5.2) 

where ji is an arbitrary function; fJL ^ Q because otherwise the symmetry group becomes 
two-dimensional. Eq. (2.51) then implies: 

^i = Baf/\ j = -af/b, (5.3) 

where B is an arbitrary constant. For further integration, the cases f b and f = b have 
to be considered separately. 

Case 1.2.1.1: 67^/. 

The Killing fields that result here, after a simplification of the basis by fe^2) — ^(2) ^ 
{a/b)k(i) - [c/(/ - 6)]fe(3), are: 

^"2) = e'" [(a - )'^"o + oc,y5'^i- bad'' 2 + /3<5"3] (5.4) 

(the basis change resulted in a = c = 0). This algebra is of Bianchi type VI^ with the 
free parameter (6^ + /^)/(6^ — /^). The Killing fields are further simplified by the coor- 
dinate transformation (1.13) with H = 6~^lna, T = J(ba)~^^dy, and by the subsequent 
transformation that leads out of the Plebahski class: 

t' = e-^% x' = x, y' = bt + y, z' = e~^''z. (5.5) 

The result is (primes dropped) : 

kl^^ = -btd% + (^"1 - /^5"3, kf^) = fef3) = S'^a, 

u« = e-^^(5"o + bS''2, w'^ = ne-f^'S^'s. (5.6) 
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The metric that results from the Kilhng equations is: 

300 = e'^'^l + 6^/122), 501 = e'^'^iy - bh^), 902 = -6e^^/i22, 

503 = -^e(^+-'^)''/i23, 511 = /ill, 512 = /112, 513 = e'^''/ii3> 

522 = /i22, 523 = e-'^^/i23, 533 = e^''^'' /l33 , (5-7) 

where hij{y), i,j = 1, 2, 3 are arbitrary functions. No progress with the Einstein equations 
was made here. 

Case 1.2.1.2: b = f. 

The basis of the Kilhng fields is here: 

kf2) = - y»,y Wo + a,y <5°i - ba5'^2 + {cBax + /3)5°3] (5.8) 

(as before, a = was achieved by a basis change). The Bianchi type is IV when c 7^ 
and V when c = 0. To this basis we apply the transformation (1.13) with H = 6~-'^lnQ;, 
T = J h~^{(3e~^^ — cBH)dy, and then the subsequent transformation: 

t' = e-^^'t, x' = x, y' = bt + y, z = e-''''{-ctx + z). (5.9) 

The result (i.e. the relevant vector fields and the metric that fulfills the Killing equations) 
is: 

fcfi) = -btS'^o + S^^i - {ct + bz)d''s, A;f2) = 5°o, kf^) = <J°3, 

500 = e^*^(l + 6^/122 - 26cx/i23 + c^x^h^^), 501 = e^'^iy - bhi2 + cxhi^), 
502 = e''^ (-6/122 + ca;/i23 ) , 503 = e^*"" ( - 6/123 + cxh^^ ) , 

(511,512,522) = (/ill,/il2,/i22), 

(513,523) = e^^(/ii3, /t23), 533 = e2^^/i33, (5.10) 

where, as before, the hij are arbitrary functions of y. Also here, no progress was made 
with the Einstein equations. 

Case 1.2.2: 6 = 0. 

Eqs. (2.3a-c) and (2.3h) imply here: 

(j)= axy +a{y), A3 = |u(2/)e-''^, (5.11) 

where a(y) and //(y) are arbitrary functions; a 7^ because of the assumption defining 
case 1. In further integration, the cases / 7^ and / = have to be considered separately. 
However, / 7^ quickly leads to a contradiction with a 7^ 0, so the only case to consider is: 

/ = 0. (5.12) 

Then, from (2.3d): 

A2 = c^Ji{y)x + /3(y), (5.13) 
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where /? is an arbitrary function, and from (2.31): 



M = Ay-^'\ (5.14) 

where A 7^ is an arbitrary constant. The transformation (1-13) with if = a/ {ay), 
T = — cAHy~^f°')/{ay)\dy leads now to a = /? = 0. With no loss of generality we can 
assume A= 1. The coordinates will become adapted to k^^ and k^^-^ after the subsequent 
transformation: 

z' = y^^^z (5.15) 

This leaves the metric, and f/;" in the Plebahski form (with rescaled n), while the Killing 
fields and the commutation relations become: 

^fi) = ^1^ K2) = C^^o + - «y'^2 + (ex - jz)S^, kf,^ = 5^, 

[^(1), ^(2)] = afe(i) + cfc(3), [^(1), %)] = 0, [k^2),k{3)] = jk^2,). (5.16) 

In solving the Killing equations the cases a + j 7^ and a + j = have to be considered 
separately. 

Case 1.2.2.1: a + j 7^ 0. 

The algebra (5.16) is then of Bianchi type VI^ (the free parameter in the standard form 
of the commutation relations is (1 — j/a)/(l + j/a)). The Killing equations lead to the 
following metric form: 

500 = 1, 501 = y, 902 = 903 = 0, 
511 = C^y-^^/'^hss - 2Cyi-^/«/ii3 + y^hn, 
912 = -Cy-^-''''h23 + /ii2, 513 = -Cy-'^/'^/taa + y^'^'^hi^, 

522 = /122/y^, 523 = y~^~^^"'h23, 933 = y''^^^"'h33, (5.17) 

where the hij are functions of the variable u defined below, and C is the constant: 

C = c/(a + j), u = e^y^^l". (5.18) 

The limit C2 = of (5.17) is an allowed subcase and does not require separate treatment. 
With C2 = all hij become functions of t alone, and this is the first instance where a proper 
spatially homogeneous (necessarily tilted) Bianchi-type model appears in this scheme. 
No progress in solving the Einstein equations was achieved here. 

Case 1.2.2.2: a + j = 0. 

The Bianchi type is IV when c 7^ and V when c = 0. The Killing equations lead here 
to the metric: 

500 = 1, 501 = y, 502 = 503 = 0, 
511 = (^2/lny)^/i33 + 2^y^ln2//ii3 

512 = -yh23 + ^12, 513 = lny/i33 + 2/^^13, 
a a 
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522 = ^22/y^, 523 = h23, 933 = ^^^33, (5-19) 

where the hij are arbitrary functions of the same u = ^ip'^l"' as in (5.18). 
No progress with the Einstein equations was made here, either. 

VI. Case 2: 0,^ = 0. 

We go back to eqs. (2.3). Now 0,^ 7^ can be assumed because with <^^x — — 

the 

Kilhng field fe^^ becomes spanned on and w", and this situation was aheady considered 
in Paper 1 [1]. 

If /i 7^ 0, then (2.3j) imphes ^ = -{g/h)y + A, A = const, and so k^^) = (^2 + A)Sq - 
{g/h)Sf + A2(53 . Now k'^^ = k^2) + {9/^)^(1) spanned on and w°', and so we are again 
in the domain of Paper 1. Hence, ^ = 0, and, from (2.3j), g = 0. In the same way it fohows 
from (2.3b) and (2.3f) that: 

a = b = d = e = g = h = 0. (6.1) 
Prom here on, the cases A3 7^ and A3 = have to be considered separately: 

Case 2.1: A3 ^ 0. 

Using (2.3h) with (6.1) in (2.31) we obtain f(p,y = j. In the same way as above, we 
conclude from here that 

f = j = 0. (6.2) 

Now from (2.3h) and (2.3d): 

A3 = A3(2/), X2 = c\3X + P{y), (6.3) 

where A3(y) and P are arbitrary. The only equation that remains from the set (2.3) is now 
cCs = 0, and <p{y) is an arbitrary function. We first follow: 

Case 2.1.1: C3 / 0. 

Then: 

c = 0, (6.4) 

and the algebra becomes commutative (Bianchi type I). The transformation z' = C3z/\3{y) 
gives the same result as if A3 = C3, and then: 

C3 = A3 = 1 (6.5) 
may be assumed without loss of generality. The Killing fields are now: 

fefi) = kf2) = F^o + 4>.y ^1 + P{y)S3, ^"3) = <^o + <^3", (6-6) 

where: 

F:=C2 + <P- y4>.y . (6.7) 

The Killing equations for k'^^-^ and fc^-j imply that the metric tensor is independent of 
X and that it depends on t and z only through u := {t — z)/2. It may be assumed that 
(t),yy ^ Q ^ F — (3 because with (f),yy = the Killing field k'^^ = k^2) ~ '^ly ^(1) spanned 



17 



on and (this is the domain of Paper 1), while F — P = leads, through the Killing 
equations, to a singular metric {det{gaf3) = 0). Knowing this, we can adapt coordinates to 
all three Killing vectors by the following transformation: 

t = Ft' + z', x = (f),yt' + x', y = y', z = pt' + z', (6.8) 

In the new coordinates, all the metric components depend only on y'. With primes dropped, 
the Killing, velocity and rotation fields and the metric tensor are as follows: 

= {Csn/[Xs{F - /3)]}(<5o° - - FS^), 

goo = - + 2y(t),y {F - (3) + + 2(t>,y ^513 + (t>^y gn, 

goi = y{F -15) + (l),y gn + pgis, 

902 = (t),ygi2 + Fg23, 9o3 = F - (3 + Pgss + 4>,y gis, (6.9) 

and all the gij{y),i,j = 1,2,3 are arbitrary functions. 

No progress with the Einstein equations was achieved in this case. 

Case 2.1.2: C3 = 0. 

This means that the Killing field A;^^ is coUinear with the rotation vector w°'. Now we 
have to consider separately the cases c ^ and c = 0. 

Case 2.1.2.1: c 7^ 0. 

The Bianchi type of the algebra (2.2) is II in this case. The transformation (1.13) with 
H = -f3/{c\z) leads to: 

/3 = 0. (6.10) 

It may be taken for granted that F 7^ (F is still given by (6.7)) because with F = (3 = 
the Killing equations imply ^13 = ^23 = 533 = and so 503 = from (6.9), i.e. det(g'Q,^) = 0. 
The transformation z' = z/X^ leads to the same result as: 

A3 = 1 (6.11) 

(in fact, the transformation reshuffles the components g2j,j = 1)2,3 among themselves, 
but formally the new metric still has the Plebanski form). Hence (6.10) and (6.11) will be 
assumed. The subsequent transformation: 

t = Ft', X = (p,y t' + x', y = y', z = ^c^,y t'^ + z' (6.12) 
leads to (with primes dropped): 

= F-\S^ - 5? - ctct>,y 6^), w'^ = in/X3)6^. (6.13) 
In the coordinates of (6.13) the Killing equations imply: 

500 = (C2 + (t))'^ - {y4>,y f + 4>?y hn, 
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901=yF-ct(f),yhi3 + (t),yhii, 902 = (f>,yhi2 , 903 = (t>,yhi3, 

911 = {ctf'93Z - 2cthi3 + hu, 912 = -ct92Z + /tl2, 513 = -ct533 + ^13, (6.14) 

where 522, 523, 533 and the hij are arbitrary functions of y. 
No progress with the Einstein equations was made. 

Case 2.1.2.2: c = 0. 

We go back to eqs. (6.1) - (6.3) with c = C3 = 0. The algebra becomes commutative 
(Bianchi type I), but in contrast to Case 2.1.1 the Kilhng field /c^-j is here colhnear with 
rotation. We have: 

A2 = /?(?/), A3 = A3(y), = 0(y), = 5?, 

kt2) = F^o + ^? + PS^, = A353 , (6.15) 

where F is given by (6.7). Also here F 7^ 0, or else we are back in the domain of Paper 1. 
Eq. (6.11) applies here for the same reason as before, and the coordinates become adapted 
to the Killing fields after the transformation: 

t = Ft', x = 4>,yt' + x', y = y', z = j3t' + z'. (6.16) 
In the new coordinates (primes dropped): 

— "1 ) 1^(2) — '^0 1 1^(3) — "3 ' 

^" = F-\6^ - cp,y 5'i - 135^), = {n/Xs)6^. (6.17) 

and the Killing equations imply: 

500 = (C2 + (t)f - {y(l>,y f + 4>?y 911 + W4>,y 913 + 0^933, 

901 = yF + (t),y 911 + P913, 902 = 4>,y 912 + 0923 , 903 = ^,y 9l3 + 1^933, (6.18) 

where all 9ij,i,j = 1, 2, 3 are arbitrary functions of y. 

In general, no progress was made with the Einstein equations. However, a few authors 
have considered this case before, and a few simple exact solutions in this class are known. 
Therefore, we shall introduce the standard Bianchi-type coordinates in which gQ2 = 9i2 = 
923 = 0, 522 = — 1 in order to facilitate the comparison. The transformation to coordinates 
in which gi2 = 0,i = 0,1, 3, is: 



t = t' + Fo{y'), x = x' + Fi{y'), y = F2{y') = y', z = z' + Fs{y'), (6.19) 
where the functions Fa{y') obey: 

3 

J29<-iFa,y' = 0, i = 0,1,3. (6.20) 

a=0 

The set (6.20) may be solved for i^cj/'i and F^ y' and then finding the F^ only requires 
calculation of a few integrals (which arc seen to exist, although the integrands are at this 
point not known as explicit functions of y'). Having achieved gi2 = in this way, we carry 
out the change of variable y' = J {—922Y^'^dy (knowing that 522 < because of the signature 
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and g22 = 522 (y) because of the symmetries) that leads to g2'2' = — 1- The eomponents Qij 
in which i 2 j, the velocity and the rotation do not change after (6.19). In the new 
coordinates, dropping primes: 

= ^^C2 + (t))dt + Yda;]2 - [A;ii((^,y dt + dx)f - dy^ 

-{kzAW + ^i30,F )dt + hndx + (6.21) 
where Y is the y-coordinate of (6.18), and: 

hi'^ = y^ - gii + 913"^/ 933, ^33^ = -933, = gis/gss. (6.22) 

The subcase /3 = hi^ = of (6.21) was first considered by King [4], and it is known 
in the literature as "stationary cylindrically symmetric". King demonstrated that, even in 
this subcase, the problem is underdetermined: one function in the metric may be chosen 
arbitrarily (in (6.21) it is k^s). The limitation P = /113 = resulted from the reflection 
symmetries assumed in Ref. 4, that in the coordinates of (6.21) correspond to z ^ —z and 
{t, x) — >■ {—t, —x). King's metric ansatz can be also derived from the following assumptions, 
as follows from the present consideration: 

1. The manifold has a 3-dimensional symmetry group whose algebra is of the Bianchi 
type I. 

2. One Killing field (fe(^)) is coUinear with rotation, the two others are linearly inde- 
pendent of and w'^. 

3. The velocity vector field is spanned on A;^^^ and k^^) (bence (3 = 0). 

4. The Killing fields A;"^-^ and A:^^ are both orthogonal to (hence hi^ = 0). 

A few examples of explicit solutions of the Einstein equations are given in Ref. 4, among 
them the solutions of Maitra (Ref. 8, see below) and of Lanczos (Ref. 10, this one goes by 
the name of "Ehlers - van Stockum" in Ref. 4). Vishveshwara and Winicour [5] derived the 
same metric form as King and provided another explicit example of solution. The solution 
derived by Hoenselaers and Vishveshwara [6] that was supposed to be an example of the 
collection of Ref. 5, turned out to be a coordinate transform of the Godel metric, see Ref. 
7. 

One more example was provided by Maitra [8] . In addition to the list above, it has the 
following invariant property. 

5. The timelike Killing field A(2) bas unit length so that (C2 + (p)"^ — = 1. 
The conditions 1-5 are still insufficient to reduce (6.21) to the Maitra solution; the 
following coordinate-dependent relations must hold in addition: 

(C2 + - kn^(l),Y = m, y2 - Aii^ = - r^ (6.23) 
where r{y) is a new coordinate defined by: 

u := 2r/a, a = const, (6.24) 

and m(r) is the function: 

m = -la {(1 + «^)V2 _ 1 _ ln[l(l + u^y/' + 1]} . (6.25) 
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This author was not able to interpret (6.23) in invariant terms. 

The first three of the six solutions by Ozsvath [9] also belong here, and they are subcases 
of the class considered by King. All of Ozsvath's solutions have 4-dimensional symmetry 
groups whose orbits are the whole 4-dimensional manifolds. In order to place specific 
Ozsvath's solutions in the classification considered here, one has to identify 3-dimensional 
subgroups of Ozsvath's groups. Examples can be spotted by inspection in Ref. 9 in which 
different non-isomorphic 3-dimensional subgroups are contained in the same 4-dimensional 
group. Hence, the same Ozsvath's solutions should come up as limits in different classes of 
the present investigation. For unique and complete identification, the formulae for group 
generators are necessary, and these are not given for most of Ozsvath's solutions. 

Case 2.2: A3 = 0. 

We go back to eq. (6.1). Now necessarily C3 7^ 0, so it may be assumed with no loss of 
generality that: 

C3 = 1, (6.26) 
and then eqs. (6.1) together with (2.3a), (2.3e) and (2.3i) imply: 

c = / = i = 0, (6.27) 

and (2.3d) implies: 

A2 = m- (6.28) 

In this case, necessarily /? 7^ because with (3 = the Killing equations imply that the 
determinant of the metric is zero. With (6.1) and (6.26) - (6.28) the whole set (2.3) is 
solved and the Killing fields are: 

kti) = S?, k'^,)=F6^ + 4>,ySf + l36^, k'^)=5^, (6.29) 
where F is still given by (6.7). It may be assumed with no loss of generality that: 

C2 = (6.30) 

because this is equivalent to changing the basis to k'^^ = k^2) ~ C'2^(3)- The Killing fields 
all commute to zero, so the Bianchi type is I once more, but this time with a still different 
position of the orbits with respect to the hydrodynamical vector fields; now the velocity 
field is the Killing field A;^^, i.e. it is tangent to the orbits. 

In order to adapt the coordinates to the Killing fields we carry out the transformation: 

t' = t-{F/(3)z, x' = x-{^,y/p)z, y' = y, z' = z/(3. (6.31) 

The Killing fields A;"^^ and A;^^ do not change, while k'^^y the rotation and the metric acquire 
the form: 

= ^3", = HP){FS^ + (b,y 5i - 5^): 

900 = 1, 501 = y, 902 = 0, 903 = <P, (6.32) 

other components gij are arbitrary functions of y. Similarly as it was done in (6.19) - (6.21), 
we can transform the metric to the Bianchi-type coordinates in which go2 = 912 = 523 = 0. 
Then: 
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ds^ = {dt + ydx + (pdzf - {kudxf - {k22dyf - [ks^ihi^dx + dz)]^ , (6.33) 

where kn, k22, ^33 and hi^ are functions of y. The transformation does not change (6.32). 
The Einstein equation Gqi = then imphes: 

hi3(t),y = 1 - Kkuk22/k33, (6.34) 
where K is a constant. With this, Goa = imphes: 

4>,y ^11/(^22^33) - Khi3 = L = const, (6.35) 

and G13 = imphes: 

-A;33^^i3,2//(A;iiA;22) +K(t) = M = const (6.36) 

Eqs. (6.34) - (6.36) can be used to ehminate all derivatives of and ^13 from the Einstein 
tensor. This is done as follows: 

1. The derivative of (6.34) is used to eliminate hi3(f),yy. 

2. Eq. (6.34) is used to eliminate (/ii3^,j/ )^, /ii3^,y and hi3(p,y'^. 

3. Prom (6.35), (f),yy is found and eliminated from the Einstein tensor completely. 

4. Prom (6.36), his^yy is found and eliminated from the Einstein tensor. 

5. Eqs. (6.36) and (6.35) are used to eliminate /ii3,j, and 4>,y. 

This procedure is designed so that the result of each step applies also in the limit his = 0. 
After it is completed, the Einstein tensor is diagonal. 
The equation Gn — G33 = is now: 

^{K/ks^ f + k22~^[-k22,yk33,y/{k22k33) + k33,yy/k33 + kn,yk22,y / iknk22) " kn^yy/kn] 

~[{Khi3 + L)/kiif - {K4> - Mf/k33^ = 0. (6.37) 

In this, we replace one power of {Khi3 + L) from (6.35), one power of (Kcp — M) from 
(6.36), multiply the result by A;iiA;22A;33 and use (6.34) to eliminate Kkuk22/k33 from 
iC^fci 1^22/^33. The result is then integrated, and the integral is: 

(^11^33,2/ - k33kii^y)/k22 - K(f)hi3 - ^L(f) + Mhi3 + ^Ky = A = const. (6.38) 
The equation Gn — G22 = is: 



"2 (-^^13 + -^)^ + ^22 '^k33 ^{-k22,yk33,y/k22 + k33^yy-kii^yk33^y/ku) =0. (6.39) 

In this, we eliminate one power of {Khi3 + L) using (6.35), then use (6.34) to eliminate 
hi3(j),y from the result. The equation thus obtained is integrated to: 

k33,y/{kiik22) - - \Ky + j (kuk22/k33)dy = B = const. (6.40) 
Now we introduce the new variable u{y) and the new functions F{y) and G{y) by: 
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u,y = k22hz/kiu F = Khis + L, G = K(t>- M. (6.41) 
In these variables, eqs. (6.35) and (6.36) may be rewritten as: 

G,u = KF, F,u = Kiknyh3*)G. (6.42) 
These can be separated when each is differentiated by u: 

G,u^-[iKkn)Vk33^]G = 0, 

F,uu +(4fc33,«/fc33 - 2kn,u/kn)F,^-[{Kknf/k33^]F = 0- (6.43) 

Eqs. (6.43) determine F and G as functions of the ku {k22 is hidden in the definition of u). 

Then, (6.34) imphcitly defines k22 as a function of ku and ^33. Next, (6.40) defines ^33 as 
a function of ku, and finally (6.38) defines kii{y). Hence, the set is in principle solvable. 
The one remaining Einstein equation is G22 = A. However, at this point it may be verified 
that G22,y = in virtue of the other equations, so G22 = A merely defines A in terms of 
the other constants. If A = 0, then G22 = imposes an algebraic relation of the constants. 

Suppose that (p = const. Then the coordinate transformation t = t' — (j)z leads to (/> = 
(which means gapk'j^2)k(3) = 0)- Then (6.34) implies K ^ 0, and so (6.35) imphes hi^ = 
const. Consequently, the transformation z = z' — hisx leads to his = (i.e. gapk'^^^k'^^) = 
0). With (f) = hi3 = the metric (6.32) - (6.33) becomes identical to the metric ansatz 
of Lanczos [10], and the Lanczos solution uniquely follows. In fact, with (p = const, the 
Killing field /c^-j becomes the second Killing field spanned on and w", and so we land in 
the domain of Paper 1. Hence, the definition of the Lanczos solution given above coincides 
with one of those from Paper 1. 

The class defined by (6.32) - (6.43) contains the case Ciii of Ellis [3]. 

At this point, the whole collection of metrics considered in this paper is exhausted. 

VII. Concluding remarks. 

In this paper, several classes of metrics were only derived. Investigation of their prop- 
erties was postponed to separate projects; at this point it is not clear which of them would 
deserve further pursuit in the first turn, while investigating them all would expand the 
paper beyond acceptable limits. 

All the cases considered here have the property that one of the Killing fields (^(3)) is 
spanned on the fields of velocity and rotation w'^ of the source, while the other two are 
at every point linearly independent of ti" and w". In every case, the explicit formulae for 
the Killing fields were found, and the Killing equations were solved for the components of 
the metric tensor. Progress with solving the Einstein equations differed from case to case. 
The complete listing of nonempty cases is given in Fig. 1, and the results obtained are as 
follows. 

1. In case 1.1.1.1 (Bianchi type III) the final result is given by eq. (2.18). No exact 
solutions are known and none were derived here. 

2. In case 1.1.1.2.1 (Bianchi type HI) the final results are given by (3.16) - (3.27). A 
(most probably) new solution was found for the subcase A = 0, given by eqs. (3.16), (3.18), 
(3.19) and (3.24) - (3.27). 

3. In case 1.1.1.2.2 (Bianchi type HI) a (most probably) new solution was derived here, 
given by eq. (3.32). 



23 



4. In case 1.1.2.1 (Bianchi type III) the final result is given by eq. (4.9). No explicit 
solutions are known in general, but subcases of the case lb of Ellis [3] belong here (see the 
paragraph after eq. (4.10)). 

5. In case 1.1.2.2 (Bianchi type II) the final result is given by eqs. (4.14) - (4.23). No 
explicit solutions are known in general, but with A3 = = A, a new exact solution was 
derived here, see comment after eq. (4.23). The case Aii of Ellis [3] is a subcase here. 

6. In case 1.2.1.1 (Bianchi type VI/i) the final result is (5.6) - (5.7). 

7. In case 1.2.1.2 (Bianchi types IV and V) the final result is (5.10). 

8. In case 1.2.2.1 (Bianchi type VI/j), the final result is (5.17). 

9. In case 1.2.2.2 (Bianchi types IV and V), the final result is (5.19). 

10. In case 2.1.1 (Bianchi type I), the final result is (6.9). 

11. In case 2.1.2.1 (Bianchi type II), the final result is (6.14). No explicit solutions are 
known in points 6-11. 

12. In case 2.1.2.2 (Bianchi type I), the final result is (6.21). No explicit solutions are 
known in general, but a certain subcase (known as "stationary cylindrically symmetric") 
was considered by King [4] and Vishveshwara and Winicour [5]. Examples of explicit 
solutions were given in Refs. 4 and 5, and also by Maitra [8] and Ozsvath [9]; see the text 
after eq. (6.25). 

13. In case 2.2 (Bianchi type I), the final result is given by eqs. (6.32) - (6.43). No 
explicit solutions are known. 

The Bianchi types do not uniquely identify the various cases because in each case 
the orbit of the symmetry group has a different position with respect to the velocity and 
rotation fields. This is why the same Bianchi types occur in inequivalent cases. 

The collection of results corresponding to all three Killing vectors being at every point 
linearly independent of velocity and rotation will be presented in Paper 3 (now in prepara- 
tion). Paper 3 will also contain an overview of literature on solutions of Einstein's equations 
with rotating fiuid source. 
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CAPTION TO THE DIAGRAM 

The classes of metrics considered in the paper. Arrows point from more general classes 
to subclasses. The numbers at arrows are the case-numbers used in the text. The first 
entry in each rectangle is the property defining the case; all the symbols are introduced in 
eqs. (2.1) - (2.3). The subsequent entries give the following information: 1. The Bianchi 
type of the corresponding algebra (2.2); 2. Information about the exact solutions (ES) 
known before or found in this paper; 3. The equation-numbers corresponding to the final 
result in the given case; 4. References to papers in which solutions of the given class were 
discussed. 
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1.1.1.1 




1.1.1.2.1 



No ES in general 
New ES when A = 
Eqs. (3.16) -(3.27) 



XX.X.l.l / 



Ai3=0 
New ES 
Eg. (3.32) 



a = 
BII 

No ES in general 
New ES 
when A,3= = A 
Eqs. (4.14) - (4.23) 
EUis [3] case Aii 



c = 
BI 

No ES in general 
Eq. (6.21) 
King [4] 
Vishveshwara - 

Winicour [5] 
Maitra [8] 
Ozsvath [9] 



